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Time allowed: 3 hours

Answers to each of Sections A, B and C must be attached to separate cover sheets
and handed in separately. If no questions are attempted in any one section the
cover sheet should still be handed in. Each cover sheet should be clearly labelled
A, B or C.

All candidates must attempt Question 1 which carries twice the mark for any other
question. There is no restriction on the number of questions any candidate may attempt but
only Question 1 and the best three solutions to Questions 2-11 will contribute to the total mark

for this paper.

The use of calculators is allowed, but, unless otherwise stated, exact answers should be given.
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SECTION A

2a . o] fract;
Express posnpr R partial fractions.

2 5
to a, such that b = ta + p.

Let a = ( 1 ) ,b = ( S ) . Find a real number ¢ and a vector p, perpendicular

Find all real values of z such that 2|z| + |z — 3| > 6.

Evaluate Z(—l)’r_ when n is even.

r=1

Find the sums Zz' and Zr:x’, where |z]| < 1.

r=1 r=1

cCos T

Differentiate with respect to.z.

cos(sin z)
Evaluate flz zIn(z?)dz.
Find the greatest and least values of e™*(z% — 42 4 4) when 0 < z < 3.

Find the area of the finite region enclosed by the curves y = z2 — 2 and y = z.

Find all real values of z and y such that cosz + cosy = 0 and z + y = n/4.
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SECTION B
@ind all solutions of the equations
r + (1-Xz = 3
2r + Ay + z = 8

-z 4+ 3y + (2+A)z = 3

(a) when A =0, (b) when A =1 and (¢) when A = 2.

Let o, f and v be the solutions of the cubic equation z3 4+ Az? + Bz + C = 0.

(a) Show that

at+f+y = -4
By+vat+tapf = B
afy = —-C.

(b) In terms of A, B and C find a? + §% + 9% and %92 + 722 4 a?f°.

(c¢) When A =4, B =8 and C = 16 find the cubic equation the solutions of which are
o?, % and 2.

@Let z be the complex number a + i3, where 8 # 0.

(a) Find the quadratic equation z? + bz + ¢ = 0 with b and c real which has z as a
solution. What is the other solution?

(b) Show that if z is a solution of the equation p(z) = 0, where p(z) is a polynomial
with real coefficients, then z = o — if3 is also a solution of p(z) = 0.

(c) Deduce that, for any polynomial p(z) of odd degree with real coefficients, the equa-
tion p(z) = 0 has at least one real solution.
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B5. Let p and ¢ be integers with p > 0 and ¢ > 0 and let d > 0 be the smallest integer which
can be written in the form
d = ap+ f3q,

where a and f are integers.

(a) Let c be an integer such that both p and ¢ are integer multiples of c¢. Show that d is
an integer multiple of c.

(b) Show that d < p.

(c) Show that integers A and r can be found such that p = Ad + 7, with A > 0 and
0<r<d-1.

(d) Show that r can be written in the form
r=a'p+ 8y

for suitable integers o and f’.
(e) Deduce that r =0 and that p is an integer multiple of d.

(f) Show that if p and ¢ are prime numbers with p# g then d = 1.

@For each real number 6 let Ry be the matrix defined by

cosf siné
Ry = < —sinf cosé )

-(32)

(2) Show that, for real numbers 6 and ¢, RgRg = Rg1.4)-

and let

(b) Show that, for each positive integer n, (Rg)" = Rpg.

2mrw

(c) Deduce that (Rg)" = I if and only if, for some integer m, § =
n

(d) When 0 < @ < 27 find all values of ¢ such that (R4)" = R,.
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SECTION C

@Let
; fz)=2>+taz? +z +1,

where a is a real number. Determine the values of a for which the function f has

(a) two turning points,
(b) a stationary point of inflection,

(¢) no turning points and no stationary point of inflection.

Find the greatest value and the least value of f(z) for 0 < z <1 (i) when a > 0, and (ii)
when a = —2.

C8. Using the substitution y = # — z, or otherwise, show that

i . L A .
/0 xf(51nz)dz_-2[) f(sinz)dz.

n
/ zsin® z dz.
0

Evaluate the integral

/
C9. (a) Find and classify any turning points and describe the behaviour as z approaches 400

and —oo of the function

y = 9z%e".

Sketch the graph of the function.

(b) Show that if 0 < @ < 36e~2 then the equation 922 = ae® has one negative solution
and two positive solutions.

(c) Let ¢ be the larger positive solution of the equation 9z2 = e*. Find the largest
integer n such that n < c.
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C10. The functions f(z) and g(z) satisfy the equations

2 (,,@%) = M(2), - (p(x):—z) = ng(=),

where A and g are constants.

(a) Using integration by parts, show that, if f(a) = f(b) = g(a) = g(b) = 0, then

/ab (P(ﬂ%) j—idz = —A/abf(x)g(x)d:c = —pu /abf(a:)g(x)dz.

(b) Deduce that, if A # g, then

b
/ f(2)o(z)dz = 0.

(c) Deduce that, for positive integers m and n, with m # n,

m
/ sinmzsinnzrdz = 0.
0

.y (a) Solve the differential equation

dy 1-9¢?

dz =~ =z

(z>0)

for y in terms of z, given that y = 0 when z = 1.

(b) Show that, as = approaches 0, y approaches —1. What happens to y as z approaches
infinity?

(c) Solve the same differential equation, but with the condition that y = 3 when z = I.

(d) Sketch the graphs of both solutions.



